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Optical Kossel line study of an aligned monodomain sample of a cholesteric phase:
Temperature evolution of the Kossel diagram

R. J. Miller,1 H. F. Gleeson,1,* and J. E. Lydon2
1Department of Physics and Astronomy, Manchester University, Manchester M13 9PL, United Kingdom

2Department of Biochemistry and Molecular Biology, University of Leeds, Leeds LS2 9JT, United Kingdom
~Received 5 August 1998!

In the preceding paper, the optical Kossel diagram of an aligned monodomain sample of a cholesteric phase
was studied. The Kossel diagram reported was a single annular broad ring containing fine detail which
depended on the polarization conditions of the incident light. With crossed polarizers there was a pattern of
four spiral arms and a central more intense band. The pattern was shown to be consistent with the analytical
treatment of the selective reflection of light by the cholesteric phase of Oldanoet al. This paper extends the
investigation to explore the way in which the appearance of the Kossel ring changes with the temperature and
hence the pitch of the sample. Measurements of key positions on the Kossel rings and the features contained
within them are shown to be in good agreement with theory. The measurement of the pitch of the cholesteric
phase from the Kossel diagrams is also described.@S1063-651X~99!03302-4#

PACS number~s!: 61.30.Eb, 78.20.Ci, 78.20.Fm
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INTRODUCTION

The optical Kossel technique offers a method of study
the structures of materials with repeat distances of the o
of visible wavelengths. Such systems include the cholest
phase, the twist grain boundary phases, and the blue pha
and II. In the preceding paper@1# we described a Kossel lin
study of an aligned single domain sample of a cholest
phase at a particular temperature. The helicoidal axis of
sample coincided with the axis of the microscope used
form the Kossel diagrams. The Kossel diagram was co
posed of a single annular ring and when viewed betw
crossed polarizers fine detail comprising four spiral arcs
a more intense central band was observed. This fine d
and the way in which it varied as the polarization state of
incident light and the orientation of the analyzer we
changed appeared to be in full agreement with the ea
experimental and analytical studies of the reflection of lig
by cholesteric structures by other workers, particularly
Dreher and Meier@2#, Sugitaet al. @3#, Takezoeet al. @4#,
Miraldi et al. @5#, and Oldanoet al. @6#.

This paper describes the way in which the fine structure
the Kossel ring changes with the temperature of the sam
Variation in temperature results in concurrent changes in
helical pitch, refractive indices, and birefringence of the ch
lesteric material. The temperature variation of the heli
pitch is generally significant, while that of the refractive i
dices and birefringence is minor. The Kossel diagrams of
aligned sample therefore also vary with temperature, pro
ing a more general test of the degree to which these exp
mental observations fit their theoretical description. It is
principle possible to make quantitative measurements f
Kossel diagrams of liquid crystals, as has been done ex
sively for blue phases@7#. In particular, it should be possibl
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to measure the helical pitch directly from the Kossel ring
well as deducing the ordinary and extraordinary refract
indices of the system in special circumstances. Meas
ments of the refractive indices and pitch of the system st
ied have been made using conventional techniques and t
are compared with measurements made directly from
Kossel diagrams of the aligned cholesteric system. Hen
the way in which the Kossel diagrams may be used to m
sure the refractive indices and pitch of a system is describ

EXPERIMENT

The apparatus used to generate the Kossel diagrams
been described in detail elsewhere@8#. The geometry of
Kossel line formation in the case of cholesteric liquid cry
tals is shown in Fig. 1. Monochromatic light of waveleng
488 nm was generated with an Argon ion laser and mad
converge on the sample using a high numerical aperture
croscope objective. The selectively reflected light was th
collected using the same lens. The Kossel diagram is
diffraction pattern which is observed in the back focal pla
of the microscope objective. In general a Kossel diagr
consists of a family of lines, each of which corresponds t
particular Bragg reflection. The lines appear as projection
circles onto a plane, giving either circles, ellipses, or strai
lines, depending on the orientation of the corresponding
ciprocal lattice vector. In the case reported here only o
reflection is involved, the first-order Bragg reflection fro
the helicoidal repeat in the cholesteric structure. Since
sample is aligned with its helicoidal axis parallel to the op
axis of the microscope, this results in a single centra
placed annular ring. If the experiment was concerned wit
single incident wavelength and a single value of refract
index, a single Kossel ring at the Bragg angle would res
The broadening of the reflection from a line into an annu
arises from the variation of refractive index with the pola
ization state of the light.

The liquid crystal sample studied was the thermochrom
mixture TM533 provided by Merck, Ltd.@9#. The sample
ic
1828 ©1999 The American Physical Society
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PRE 59 1829OPTICAL KOSSEL LINE STUDY OF AN ALIGNED . . .
was held between two glass substrates that had been tr
for homogenous alignment, providing a well aligned sam
of the cholesteric material with the helicoidal axis normal
the substrates. The sample was held in a Linkam THMS
hot stage and the temperature controlled by a Linkam T
91 controller to an accuracy of60.1 °C. The Kossel dia-
grams were recorded using a CCD camera connected
computer equipped with a frame grabber, which made it p
sible to make measurements directly from them.

In order to examine the quality of measurements m
from the Kossel diagrams it was necessary to measure
pitch and refractive indices of TM533 independently. T
refractive indices of the material were found to within 0.5
by measuring the angle of total internal reflection of mon
chromatic light from a homogeneously aligned sample sa
wiched between two glass prisms, whose temperature
controlled to 0.1 °C. The technique used to determine ref
tive index is essentially the same as used in an Abbe´ refrac-
tometer. Measurements of the refractive indices were m
at 488.0, 589.3, and 670.0 nm to allow compensation for
dispersion of the thermochromic material. The refractive
dex of the material between these wavelengths was foun
fitting Sellmeier’s equation

n2511
Al2

l22l1
2

,

to the experimental data, whereA and l1 are fitting con-
stants,n is the refractive index, andl is the wavelength of
the light. The cholesteric pitch was determined from the
flection spectra at normal incidence which, for a sample
luminated by white light, comprised of a broad band cent
at l0 and of widthDl. The spectral features are defined
the equations

FIG. 1. The geometry of Kossel line formation for choleste
liquid crystals. The sample is illuminated with a highly converge
cone of monochromatic laser light via the high numerical apert
objective. The selectively reflected light is then collected using
same objective lens and the pattern which is brought to a focu
the back focal plane is the Kossel diagram of the system. In gen
a Kossel diagram consists of a pattern of lines, with the shape
conic sections, each of which corresponds to a particular Br
reflection from the periodic structure of the sample. For the spe
case of a monodomain cholesteric sample viewed down the hel
dal axis the Kossel diagram consists of a centrally placed annulu
shown.
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l05n̄p and Dl5Dnp,

wherep is the pitch of the cholesteric helix,n̄5 is the aver-
age refractive index of the material, andDn is the birefrin-
gence. The fitted refractive indices were then used to de
mine the pitch of the system to within62 nm from
measurements ofl0 . The temperature of the sample wa
again maintained using a hot stage with an uncertainty
60.1 °C.

THEORETICAL BACKGROUND

Modeling the selective reflection of light by cholester
structures has proved to be a difficult mathematical prob
and there has been a succession of papers dealing with
subject, culminating in the analytical approaches adopted
Dreher and Meier@2# and Oldanoet al. @6#. In these treat-
ments the state of the light within the sample is described
a superposition of two Bloch wave eigenmodes, each re
senting an elliptically polarized ray traveling through the m
dium with a periodicity that matches its local environme
Where a mode is ‘‘stable’’ it is transmitted, and where it
‘‘unstable,’’ it is reflected. The map showing the ranges
incidence angle (u i) and wavelength~l! or functions of
these two parameters for which the two Bloch waves
stable or unstable~i.e., where selective reflection occurs! has
been called the stability chart. Two different~but more or
less topologically identical! forms of this plot have been pro
posed. In the Dreher and Meier form@2#, the parameterm is
plotted against the reduced wavelengthl/d, wherem is de-
fined by the equationm5m sinui , m is the refractive index
andd is the periodicity of the system. Oldanoet al. @6# used
a slightly different form of the chart, wherem2 is plotted
against the reduced frequencyv r , defined asp/2l ~p is the
pitch of the helicoidal structure and the periodicityd is half
the pitch for cholesteric systems!. The Kossel diagrams pre
sented here are discussed in terms of the Oldano plot, re
duced in part in Fig. 2. The experimental observations sho
in Fig. 3 correspond to the series of vertical sections throu
the first order reflection band.

The variation in appearance of the Kossel ring predic
from the stability chart can be summarized as follows. T
previous investigation of the Kossel diagram at a single te
perature@1# is represented by the vertical section through
reflection band labeledXX in Fig. 2. This lies within thev r
range where the reflection band has three distinct parts,
two outer regions where only one of the eigenmodes is
flected and a central region where both are reflected.

At higher v r values ~beyond those investigated in th
study! the first order band divides into three with the tw
outer single mode bands diverging from the central ba
where mode mixing has occurred. For the bands correspo
ing to the second and higher order reflections, this splittin
present over the wholev r range of the reflections@6#.

At lower values ofv r the central two mode band~which
corresponds to the central more intense ring within the
nulus! narrows and eventually becomes a line of zero wid
for normal rays~i.e., whenm50!. In contrast, the two one
mode shoulders only narrow slightly and the reflection ba
is still broad atm50. When thev r value is about 0.3, the
half width of the band approaches its radius and the cen
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1830 PRE 59R. J. MILLER, H. F. GLEESON, AND J. E. LYDON
FIG. 2. Part of the stability chart of Oldanoet al. @6#. In the form of the stability chart used by Oldanoet al., the vertical axis ism2

~wherem5n sinui , n is the refractive index, andu i is the incidence angle!. The horizontal axis is the reduced frequencyv r , defined to be
p/2l. There are four distinct areas shown in the chart.~a! The unshaded areas, where both modes are stable~i.e., where the wave reflection
have real roots! and where there is no selective reflection.~b! Regions shown in light shading where one wave is stable and the oth
unstable~i.e., there is one real and one imaginary root! where one mode is reflected and the other is transmitted.~c! Regions shown in dark
shading where both modes are unstable and where they are reflected independently.~d! Regions shown in solid black where both modes a
reflected and where mode mixing occurs. Note that the stability chart is not universal in the sense that the positions of the various b
depend on the value of the corresponding refractive indices. The dashed lines on the figure correspond approximately to the ex
limits of the investigation reported here, limited in the horizontal direction by the material and wavelength of light used, and in the
direction by the numerical aperture of the apparatus. The labeled solid vertical lines mark approximately the positions on t
corresponding to various Kossel diagrams in Fig. 3.
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hole in the Kossel annulus disappears giving a solid cir
The appearance of the fine detail within the Kossel ring
pends on the polarization conditions used, as described in
preceding paper@1#.

RESULTS AND DISCUSSION

The Kossel diagrams.Figure 3 shows the appearance
the Kossel diagrams recorded over a range of temperat
within the cholesteric sample. The section of the transm
sion band across the stability chart which corresponds to
tain of the Kossel diagrams is indicated by the appropr
label on Fig. 2. Note that because Fig. 2 is drawn fo
system with refractive indices that differ from the syste
studied experimentally here, the positions marked that co
spond to specific Kossel diagrams are only approxim
There is clearly a gratifying degree of correspondence
tween the overall appearance of the observed annuli and
patterns implied by the stability chart. Note that the positio
of the boundaries~i.e., both the position and the thickness
the reflection band! in the stability chart depend on the va
ues of the refractive indices and birefringence of the cho
teric phase at each temperature. The narrowing of the in
more intense ring as the two mode region narrows with
creasingv r and the disappearance of the central hole in
Kossel annulus at a value ofv r;0.3 occur as expected.

The Kossel band in the stability chart becomes progr
sively wider asv r increases. The apparent narrowing of t
observed Kossel rings for highv r values is an artifact cause
by the limited numerical aperture of the objective lens, c
ting off the higher angle part of the ring. The limit is marke
approximately by the horizontal dashed line in Fig. 2.

A factor discussed by Dreher and Meier@2# and Oldano
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et al. @6#, but not shown explicitly on the stability chart, i
the polarization state of the light. In the preceding paper@1#
it was demonstrated that the observed pattern of four sp
arms on the Kossel annulus, viewed under crossed lin
polarizers, is compatible with both these analytical a
proaches. It further agrees with the earlier experimental
vestigations reported by these authors using conventiona
flection studies with parallel beams of incident light.

As the incident ray becomes closer to the normal~i.e., as
the value ofm2 approaches zero!, the single mode reflection
changes from more or less linear to elliptical and ultimat
it becomes circularly polarized. This leads to the observ
loss of contrast of the spiral arms as viewed with cros
polarizers apparent in the micrographs shown in Fig. 3.

The pitch and refractive indices.The refractive indices of
the thermochromic material are shown in Fig. 4. It is inte
esting to note the slight increase in the refractive index p
allel to the director on approaching the smecticA phase from
the cholesteric which is apparent in Fig. 4. This effect, n
mirrored in the refractive index perpendicular to the direct
is due to the pretransitional influence of the underlyi
smectic-A phase. The occurrence of cybotactic groups wo
have a larger influence on the parallel refractive indices t
the perpendicular ones, as observed. Figure 5 shows the
of the cholesteric sample as a function of temperature
measured from the selective reflection spectra. The div
gence of the pitch as the cholesteric to smectic-A phase tran-
sition is approached is evident at low temperatures.

Due to the seminumerical nature of the theory of Olda
et al. they do not obtain an analytical relation between t
pitch and the locus of the edges of the reflection band, wh
would allow pitch measurements to be made directly fro
the Kossel diagrams. However, analysis of their theoret
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PRE 59 1831OPTICAL KOSSEL LINE STUDY OF AN ALIGNED . . .
stability plot, reproduced in Fig. 2, suggests that the inf
mation can be represented in a simpler form. To fi
approximation the behavior of the reflection angle of light
a specific wavelength is given by Bragg’s law

l52nd sinf,

wherel is the wavelength of the incident light in free spac
n the relevant refractive index of the material,d the repeat
distance~half the helical pitchp!, andf is the conventional
Bragg angle of the light. At normal incidence the value on
will be no or ne on either edge of the band corresponding
first-order reflections. Further, Bragg’s law will be obey
for the ordinary ray at other angles of incidence. Howev
the value of the refractive index for the extraordinary ray w
vary with angle away from the normal incidence conditio
so that Bragg’s law as written above with a single value on
will not describe the situation.

It is instructive to redraft the stability plot produced b
Oldanoet al. in a form where the application of Bragg’s la
is more apparent. Replacingl5p/2v r , d5p/2, and sinf

FIG. 3. The experimental Kossel diagrams. The temperature
pitch ~deduced from selective reflection spectra! are indicated for
each of the diagrams. Note the following.~1! the pattern of spiral
arcs disappears progressively as the pitch decreases~m tends to
zero!—this occurs as the polarization state of the single mo
shoulders progresses from linear to elliptical to circular.~2! The
inner, more intense ring, narrows as the two mode region narr
with decreasingv r . ~3! The central hole in the Kossel ring disap
pears at anv r value around 0.3.~4! The Kossel ring appears t
narrow at highm values. This is an artifact caused by the limite
numerical aperture of the objective lens used marked by a hori
tal dashed line in Fig. 2.
-
t
f

,

r,
l
,

5cosu, whereu is the angle of light propagation to the laye
normal, the Bragg’s law relationship may be rearranged
give

n cosu5
1

v r
.

Hence, substituting in cosu5A12sin2 u andm5n sinu one
obtains

m25n22
1

4v r
2

5n22
l2

p2
, ~1!

i.e., there is a linear relationship betweenm2 andl2/p2 with
a gradient of21. Figure 6 shows the stability chart redraw
with variablesl2/p2 andm2. Fitting Eq.~1! to data extracted
from the stability plot it is found that the higher frequenc
lower angle edge of the primary reflection band provides
excellent fit withn2[«' , the relative dielectric permittivity
perpendicular to the molecules. This is in keeping with t
electric field of the light being perpendicular to the molecu

nd

e

s

n-

FIG. 4. The refractive indices of TM533 as a function of th
temperature above the cholesteric to smectic-A phase transition,
measured at wavelengths of 488, 514, and 670 nm. The temper
range shown is well below the isotropic phase transition temp
ture.

FIG. 5. The temperature dependence of the cholesteric pitc
TM533, determined from the reflection spectra at normal inciden
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FIG. 6. A portion of the Oldano stability chart redrawn with variables that show Bragg’s law more clearly, according to Eq.~1!. The
straight lines are fits to Eq.~1! with fitting parameters as indicated.
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director at this edge of the reflection band. At the alternat
edge of the reflection band the situation is more comp
since the extraordinary refractive index varies with ang
Nonetheless, the intersection of the outer edge of the b
with the horizontal axis corresponds to the case of nor
incidence and thus gives a value for the square of the
traordinary refractive indexni . Further, Bragg’s law implies
that the line corresponding to reflection of the ordinary r
should have a gradient of21 in Fig. 6, which it does. The
gradient of the second line, corresponding to the outer e
of a Kossel diagram, i.e., the extraordinary refractive ind
does not have a gradient of21, as may be expected since
will deviate from Bragg’s law.
e
x
.
nd
al
x-

y

ge
,

The parameterm is readily measured from the Koss
diagrams by taking the radial position of the edges of
annuli in the diagrams and scaling the result such that
radius of the diagram is equivalent to the numerical apert
of the optical system. Figure 7 shows a plot ofm2 ~measured
from the Kossel diagrams! versusl2/p2 ~with p deduced
from the selective reflection spectra! according to Eq.~1! for
the thermochromic material TM533. Clearly both the edg
of the bright annulus and the edges of the second band s
ture within the annulus all follow straight lines. Further th
gradient of the line corresponding to the ordinary refract
index fits well to21. The slight deviation from the straigh
line fit that is apparent for the system can be attributed pa
ges
FIG. 7. A plot ofm2 versusl2/p2 according to Eq.~1! for TM533. The straight line fits lines corresponding to the outer and inner ed
of the Kossel diagram were constrained to pass throughno

2 andne
2 on thex axis, as would be expected from Eq.~1!.
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PRE 59 1833OPTICAL KOSSEL LINE STUDY OF AN ALIGNED . . .
to the fact that the refractive index of the material is sligh
different for all the points, due to the temperature chan
used to vary the pitch. The fitted values of the refract
index aren51.507 andn51.642 for the lower and uppe
lines, respectively.

It is instructive to consider the uncertainties that can c
tribute to the graph presented in Fig. 7. The influence of
temperature dependence of the refractive indices has alr
been mentioned and makes only a small contribution to
uncertainty of the data. However, Fig. 7 presents a grap
data derived from two different experiments and the ma
source of uncertainty in the gradient and intercept val
arises from the uncertainty in temperature between the
different experiments~m is derived from the Kossel diagram
whereasp is determined from selective reflection expe
ments, Fig. 5!. The temperature in each case is known
60.1 °C, as has already been mentioned. This extrapolat
an uncertainty in the gradient of the graph of60.05, a sig-
nificant deviation from Bragg’s law. However, this unce
tainty is relevant only to the comparison of the two differe
data sets. If Kossel diagrams alone are used to deduce
pitch of the system, a gradient of21 can be assumed for th
first-order reflections. Then, measurements ofm2 from the
position of the inner edge of the Kossel annulus can be u
to deduce a value of the pitch, provided the ordinary refr
tive index is known. Since the wavelength of the illumina
ing light is known to a high accuracy, this allows the pitch
be deduced directly from the Kossel diagram measurem
and a knowledge ofno . Alternatively, if the illuminating
wavelength was changed such that the second-order re
tion was also observed, it would in principle be possible
e
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deduce the pitch of the system with no knowledge of
refractive index of the sample, provided dispersion is ne
gible. This is possible since the values ofm2 at for the first-
and second-order reflection orders are related to the pitch
illuminating wavelength by Bragg’s law@Eq. ~1!#, modified
to include a factor of 4(22) for the second-order reflectio
condition. The equations for the first- and second-order c
ditions can be thus subtracted to remove the dependenc
refractive index from them, allowing the pitch to be deduc
directly.

CONCLUSION

Observations of the variation of the Kossel diagram w
temperature and hence the pitch of an aligned monodom
sample of a cholesteric phase, viewed along the helico
axis, appear to be in complete qualitative and convinc
quantitative agreement with the analytical treatments
Dreyer and Meier and of Oldanoet al. We stress the useful
ness of the stability chart in portraying the complexities
the selective reflection process in a readily comprehens
form. Methods of making quantitative measurements of
pitch of a helicoidal system from the Kossel diagrams
also described, providing a way of deducing these para
eters experimentally that does not require a complete kno
edge of the refractive indices of the system.
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